A group of volume-preserving diffeomorphisms in 3D turns out to play a key role in an Einstein-Maxwell theory whose Weyl tensor is selfdual and whose Maxwell tensor has algebraically general anti-selfdual part. This model was first introduced by Flaherty and recently studied by Park as an integrable deformation of selfdual gravity. A twisted volume form on the corresponding twistor space is shown to be the origin of volumepreserving diffeomorphisms. An immediate consequence is the existence of an infinite number of symmetries as a generalization of w 1+∞ symmetries in selfdual gravity. A possible relation to Witten's 2D string theory is pointed out.
Selfdual gravity (= Ricci-flat Kähler geometry) has been a laboratory of a number of recent attempts at higher dimensional integrable field theories such as: extensions of conformal or integrable field theories in 2D [1] [2] [3] [4] , N = 2 superstring theory [5] , topological gravity [6] [7] etc. Classical integrability of selfdual gravity is due to Penrose's twistor method (nonlinear graviton construction) [8] . A consequence of this method is the existence of an infinite number of symmetries [9] [10] whose underlying structure is a loop group : S 1 → SDiff(2) of area-preserving diffeomorphisms (on a plane). This should be considered a higher dimensional extension of w 1+∞ symmetries [11] .
Selfdual gravity in the above narrow sense is by no means the only possible integrable field theory of 4D gravity. Any conformally selfdual space (Riemannian manifold with selfdual Weyl tensor) can be treated by means of the nonlinear graviton construction, therefore may be thought of as an "integrable" field theory. Physical contents of conformally selfdual spaces in general, however, are not very clear [12] .
Flaherty [13] pointed out that scalar-flat Kähler (or "quasi-Kähler" in the terminology of Flaherty) geometry gives an interesting subfamily of conformally selfdual spaces.
According to Flaherty's observations, these spaces are solutions of an Einstein-Maxwell theory whose Weyl tensor is selfdual and whose Maxwell tensor has algebraically general anti-selfdual part. Calling this system an "integrable deformation" of selfdual gravity, Park [14] presented a linear system that reproduces the equation of motion (scalarflatness) as the Frobenius integrability condition.
We now show, in this letter, that Park's linear system has a hidden SDiff(3) (= group of volume-preserving diffeomorphisms in 3D) structure, and that this structure stems from a twisted volume form on a corresponding 3D twistor space. = Ω ,p apb dp a dp
with a Käher potential Ω obeying the nonlinear equation
where
If D = 1, Eq. (2) becomes an identity whereas Eq. (3) gives Plebanski's heavenly equation for selfdual gravity [15] . It is convenient to consider the following Poisson brackets.
Eq. (2) then can be written
or, equivalently,
Similarly, Eq. (3) have two equivalent expressions:
Eqs. (5) and (6) can be used to introduce two potentials φ andφ:
The four functions (Ω, D, φ,φ) are the fundamental ingredients of this model.
Park's linear system, in our notation, can be written
andλ is a new variable ("spectral parameter" in selfdual gravity). The equations of motion for Ω and D imply the integrability condition [L p , L q ] = 0 of this linear system (and vice versa). In fact, since the roles of (φ, p, q) and (φ,p,q) are interchangeable, one can introduce another (dual) linear system:
and
This linear system, too, is integrable: [Lp,Lq] = 0.
The Frobenius integrability in this case means that each of the above linear systems has exactly three functionally independent solutions, say (ψ 0 , ψ 1 , ψ 2 ) with dψ 0 ∧ dψ 1 ∧ dψ 2 = 0. Let us call such a triple a set of fundamental solutions. It should be noted that any 3D diffeomorphism f = (f 0 , f 1 , f 2 ) can act on fundamental solutions to give a new set of fundamental solutions:
A clue of the twistor method is to consider two sets of special fundamental solutions, (L, U, V) and (L,Û,V), with different analyticity. Namely, they are required to be holomorphic functions of λ (or ofλ) in a neighborhood of a circle, say |λ| = r, and to have analytic continuation outside (for L, U, V) or inside (forL,Û,V) that circle with Laurent expansion of the following form:
According to the aforementioned general property of fundamental solutions, these two sets of solutions should be linked by an invertible functional relation:
This is a kind of Riemann-Hilbert problem related to a group of 3D diffeomorphisms; the functional data f = (f 0 , f 1 , f 3 ) is indeed such a diffeomorphism. Penrose's twistor method is a geometric interpretation of this Riemann-Hilbert problem in the language of a curved twistor space T .
Actually, our linear systems have a special structure that allows us to put a set of constraints on (L, U, V) and (L,Û,V). To see this, note that the (∂ λ , ∂ p , ∂ q ) part ofLp andLq in (12) are divergence-free vector fields on the (λ, p, q) space, i.e., of the form
Similarly, the (∂λ, ∂p, ∂q) part of L p and L q in (10) are vector fields of the form 
These constraints, along with the linear systems themselves, can be cast into a more compact form. One can indeed prove that they altogether are equivalent to the exterior differential equation
where θ is the 3-form given by θ = −dλ ∧ (dp ∧ dq + λ −1 ω + λ −2 Ddp ∧ dq) − dφ ∧ dp ∧ dq − λ −1 dD ∧ dp ∧ dq = −λ −2 dλ ∧ (dp ∧ dq +λω +λ 2 Ddp ∧ dq) − dφ ∧ dp ∧ dq −λdD ∧ dp ∧ dq,
and ω is the Kähler 2-form, ω = Ω ,p apb dp a ∧ dp b .
Geometrically, Eq. (22) The data f = (f 0 , f 1 , f 2 ) of the Riemann-Hilbert problem is also required to satisfy an SDiff(3) constraint of the form . This issue will be reported elsewhere.
We have thus observed that an SDiff(3) structure, exhibited most clearly by Eq.
(22), is a key to characterize Flaherty spaces among general conformally selfdual spaces.
The theory turns out to be integrable in the sense of the nonlinear graviton construction, and includes selfdual gravity as a special case. The existence of SDiff(3) symmetries can be deduced from these results.
It is amusing to compare our results with a recent observation of Witten [16] on the relevance of an SDiff(3) group in 2D string theory. A fundamental volume form arising therein is written
This strongly suggests that Witten's observation will be related to a 3-form equation of the form
in our notation. This 3-form equation, too, gives an integrable deformation of self-dual gravity with SDiff(3) symmetries. Remarkably, a similar equation (of 2-forms) including log L and logL has been discovered in a study of a continuous analogue of the Toda chain field theory [17] ; this model is shown to be related to the SDiff(2) group on a cylinder.
